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Abstract-A sequential test for the Behrens-Fisher problem is considered in thts paper. A sequential 
probability ratio test (SPRT). based on sequence of approximate I statistics. suitable for practical use is 
proposed and its properties are investigated by a simulation study. The test ts found to be conservative 
tn terms of desired risk levels. Notwithstanding. the test appears to be quite satisfactory in terms of the 
power and the average sample number (ASN) function. and it ia found to be sufficiently more efftcient 
compared to the approximate fixed-sample test. Also studied by the simulation study ia the approximate 
SPRT for slightly different forms of the hypotheses given by Ghosh[h]. The results suggest that the rtak 
levels of the test tend to exceed the fixed levels. 
I. INTRODUCTION 
Many industrial, physical and two samples lend 
themselves For example, consider the like discussed 
Sec. 4 where experimental units have to be dealt with singly that observations become 
available the time. A sequential test is only appropriate but attractive, 
especially if experiment may lead economy in sample 
size. In this paper. we shall consider the problem of testing the difference between the means 
of two independent samples when the assumption of common variance is suspected. 
Let X,. X2. and Y,, Y?, be samples from two independent normal distributions., 
NC/L,. ai) and NC/I,. crf), respectively, where all four parameters are unknown. it is not nec- 
essarily assumed that CT, = (T,. As stated, a practical and useful problem in various fields of 
applications is to construct a sequential test for the following hypothesis: 
against the alternative 
jl, = jl, i- n‘cs. (1) 
where 0 = [(of + of)i2]’ ?, and without loss of generality. it is assumed h‘ > 0. There appears 
to be no practical sequential method of testing the above hypothesis and the alternative when 
(7, f 0,. The form of the alternative is a natural generalization of the homoscedastic case and 
it also facilitates the construction of a sequential probability ratio test (SPRT). A purpose of 
this paper is to propose an approximate sequential test suitable for practical applications. 
An approximate SPRT for the Behrens-Fisher problem with a different form of the alter- 
native. H,: p, = pt + 0. where 0 is a positive constant. can be obtained using the approximate 
method due to Bartlett[2] and Cox[4]. Consider a sampling scheme consisting of taking one 
X and one Y in each sequential stage. For the sample size IZ (II 2 2), let X and Y denote the 
sample means. and Sf and st the sample variances based on accumulated II observations. The 
approximate SPRT consists of continuing sampling if 
lop [PiCl - f1)] ,=I rr(X - v - Oi2)lliCS;’ + 5;) < log [( 1 - /j)lu] (2) 
and accepting H,, or H,: ,LL, = /L> + (1 according to whether the left-hand or the right-hand 
inequality is the first violated. See Ghosh[6. p. 33.51. This test is essentially the variance known 
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SPRT with the two unknown variances replaced by their sequential estimators. Although the 
test is expected to be asymptotically adequate, its finite sample properties eem questionable. 
In fact, the results of a simulation study cast some doubts about he behavior of the test in terms 
of its risk levels. (See Sec. 6.) 
In the case of the common variance, the hypothesis can be tested by two-sample SPRT 
developed by Hajnal[7]. When observations are paired, whether the variances are equal or not, 
the test can be performed by the sequential f test. See, for example, Rushton[ 111. 
2. FORMULATION OF THE TEST 
The proposed sequential test for H,, against H, given by ( 1) is based on a sampling scheme 
consisting of taking one X and one Y in each sequential stage. Consider in each stage the statistic 
[(sf + s:)ln]“2’ (3) 
where X and y denote the sample means and Sj and St the sample variances each based on 
accumulated 
degrees of 
v = (n - l)(sZ + st)2/](sf)2 
accurate for sample size n I 6. Similarly, 
degrees of and the noncentrality 
Aspin[l] and Murphy[lO], others). It is easy to see that 
n - 1 < v 5 2(n - 1). (5) 
In practice, the lower bound of the of can be taken to be n except when St/ 
S,: or Sf/S,f is close to zero. 
The proposed testing Ho H, is based on the following probability 
obtained sequentially 
density function 
degrees of freedom. smaller of of (4) for theoretical reasons 
consists of sampling 
whether the left-hand or the right-hand inequality is the first violated. 
It is well known that the true risk levels of the SPRT will be only approximately 
regard, since f(t,,lHi), 
degrees of freedom, 
desired risk levels a and /?. Both analytical 
however, that the true risk levels of the proposed somewhat 
less than the a and p. The test turns out to be quite satisfactory. 
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3. COMPUTING PROCEDURE 
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The implementation of the test in practice based on (7) would involve an untractable amount 
of calculations. It would be most desirable to obtain an approximation to the log-likelihood 
ratio suitable for practical use. First, for )(t,,]H,), from Jennett, et al. [9] we obtain an ap- 
proximation: 
S(L,lm = 4 
[ 
6, - f3 
1 
1 + t,,d/2n 
(1 + tt/2n)“2 (1 + ti/2n)3’2’ 
(8) 
where d(X) is the standard normal density function. For $(t,]H,), we have from Hendricks[8], 
j(f,lH,) = 2nC,[(n + l)ln]“?(t~ + 2n)-3’2 
X exp [-(n + l)C~tt(t~ + 2n)-‘1, (9) 
C, = 1 - (3/4)(n + I)-’ - (7/32)(n + 1)-l. 
This approximation is found to yield an accuracy of up to three significant figures even when 
n is as small as ten and a greater accuracy as n increases. 
Substituting (8) and (9) into (7) and simplifying, we obtain the following easily computable 
form of the SPRT: 
B < log [{1 + (n/2)“2dt,/2n}lD,] 
- [{t, - 6(n/2)“2}2 - riDi]/(2 + tzln) < A, (10) 
where D,, = C,( 1 + 1 /n)“‘. The test consists of accepting Ho or H, according to whether the 
left-hand or the right-hand inequality is the first violated in the sequential sampling. 
The test given by (10) involves not only numerical approximations but also approximations 
of theoretical distribution of the statistic r,,. First, since the approximations are not expected to 
be very satisfactory for small sample size, the test is recommended only from about n = 7. 
Second, Monte Carlo results presented in Sec. 6 suggest that the SPRT given by (10) is 
satisfactory in terms of desired risk levels and very efficient compared to the corresponding 
fixed-sample test. 
4. EXAMPLE 
The sudden elevation in the intracranial pressure (ICP) is one of the critical signs after 
head injury. An animal experiment was performed to assess the effect of the drug, Tromethamine 
(THAM) on the ICP using cats after mechanically designed head injury of a certain magnitude. 
Due to a complex laboratory procedure, cats had to be experimented singly at a time. A simple 
blocked randomization with a block size of two was used to experiment the THAM infused 
group and the control group of cats. Briefly, among other objectives, the study consisted of 
measuring the increase in the ICP from base line to five seconds after injury. The hypothesis 
and the alternative were formulated as 
Ho: lb = P., versus H,: ,u, = ,u,, + 1&, 
where ,u, and p, denote the mean ICP elevation in the control animals and the THAM infused 
animals, respectively. The risk levels were fixed at a = 0.05 and /? = 0.20, and the proposed 
test was performed from n = 7. The data and the results of the sequential test are presented 
in a tabular form in Table 1 where Z, denotes the sequential test statistic given by (10). A 
decision was made to terminate the trial when n = 18, and it was concluded that the effect of 
THAM in controlling the ICP to be not significant at the level supported by H,. 
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Table I Data for example I: Elevation in ICP tin mmHg) and values of the sequential test stattsttc Z,, given 
bv C IO) 
n Control (X) THAM (Y) X Y S, S Z., Decision 
7 I8 
8 8 
9 23 
JO 19 
II 6 
I2 I4 
13 45 
I4 2 
I5 I7 
I6 8 
I7 12 
I8 9 
7 
II 
7 
24 
I9 
I3 
II 
18 
13 
7 
I6 
IO 
18.6 II.4 9.59 6.55 I.14 
17.3 Il.4 9.63 6.07 0.72 
17.9 10.9 9.21 5.86 I 56 
18.0 I’.’ 8.69 6.91 0.90 
16.9 12.8 9.01 6.87 - 0.42 
16.7 12.8 8.63 6.55 -0.5-t 
18.8 12.7 II.40 6.29 0.63 
17.6 13.1 I I.84 6.21 -0.80 
17.6 13.1 I I.41 5.98 -0.74 
17.0 12.7 Il.28 5.97 -0.99 
16.7 12.9 10.99 5.84 - 1.50 
16.3 12.7 LO.82 5.71 - 1.85 
continue 
continue 
continue 
continue 
contmue 
continue 
continue 
continue 
continue 
continue 
continue 
accept H,, 
5. JUSTIFICATION OF THE TEST 
A brief outline of theoretical basis of the proposed test seems useful. Given a sequence of 
observations X,, Y,, X2, Y?, . . . , it is reasonable to form a sequential test on the sequence t?, 
t?, . . . , functions of sufficient statistics for p, - Pi, O, and 0,. The SPRT can be based on 
the likelihood ratio 
g(t2, . . . 7 t,M,) 
g(t2, . . . > t,,lH,) 
where g(tz, . . , t,,lH;) is the joint probability density function of (t?, . , I,,) under H,. For 
the given problem, however, this SPRT is not practical unless there is some great simplication. 
As indicated in Sec. 2, assume that the distribution of t,,, n = 2, 3, . . is given by a t 
distribution. under Ho, with n degrees of freedom and by a noncentral t distribution, under H,, 
with n degrees of freedom and the noncentrality parameter &n/2)“‘. For the accumulated 
sample size of n, t,,, St and Sz are jointly sufficient for p, - p,, rrt and a;?, and the distribution 
of t, depends on ,uu, - ,+? but not on 0: and of. Further, t2, t,, . . . , t,,_, are functionally 
independent of each other and of t,,, Sf and S?. It follows from Cox’s theorem (see Cox[3]), 
g(t2, . . . , t,,lH,) = f(t,,lH,Mk, . . . 
where h(t2, . . . , t,,_ , It,,) does not involve 6. Thus we have 
g(t,, . . 1 t,,iH,) f(t,,tW =- 
g(t,, . . . t,,kfd f(t,,iHu)’ 
t,, - I I t,, 19 (11) 
and it is reasonable to consider the approximate SPRT based on i.,, given by (6). Note that if 
we had used the more accurate degrees of freedom given by (4) instead of n. we would not 
have the sufficient condition for the crucial factorization indicated by (1 1). 
Apart from the justification for E.,,, the effect of n as the degrees of freedom for j(t,,lH,), 
i = 0, I, has to be assessed. It is numerically verified that for given t,, and d, L,, decreases 
strictly as the assumed degrees of freedom decreases. This fact implies that the test given by 
(7) will be conservative in terms of both risk levels. 
The adequacy and the conservative property of the test is further manifested by a simulation 
study presented next. 
6. SIMULATION STUDIES 
The adequacy and other finite sample properties of the proposed test and the test given by 
Ghosh can only be examined by simulation experiments. 
A pair of independent observations are generated sequentially from two independent dis- 
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tributions, N(/c,, a:) and N(0. a;). respectively. Without loss of generality. we can assume 
~1, = 0 and at least one of the variances is one. A simulation study was carried out for various 
combinations of (3, and 17,. and when n‘ = 0.7 and (5 = I .O. The test was examined when 
,LI! = 0 (i.e.. when H,, is true). 11~ = MC-. k = 0.25. 0.5. 0.75. and when/l, = Sa (i.e., when 
H, is true) where ~7 denotes [ (af + at)/2]’ ‘. The proposed test and Ghosh’s test were made 
comparable by setting 0 = kn‘~. X- = 0, (0.25) I .O for the latter. The number of replications 
was 2.000 for each case, and the test was implemented from II = 7. 
A part of the simulation results is summarized in Table 2. It presents the empirically 
determined average sample number (ASN) and the power function of the proposed test and 
Ghosh’s asymptotic test. The nominal risk probability was fixed at u = p = 0.05. To increase 
the precision of comparison, both tests were applied to the same sets of observations, up to the 
lesser of the two decisive sample numbers in each case. It is important to note the difference 
in the form of the alternatives between the two tests although the results presented in Table 2 
are comparable. Although not shown in the table. the standard error of the ASN ranged from 
about 0.17 to 0.80 for each of the two tests. 
First, we can summarize the results of the simulation for the proposed test as follows: 
(4 As expected. the actual levels of a and p appear to be somewhat lower than the nominally 
fixed levels. However, the test is quite satisfactory. 
(b) When 11~ = 0.25~30 the power is about 0. I5 to 0. I7 and when ,u~ = 0.758&, it is about 
0.82 to 0.84. When ,v, = 0.5~3~7, the power is about 0.47 to 0.50. This almost symmetric 
power function of the test with respect to H,, and H, is a reassuring property. 
Cc) It is most interesting to note that the ASN function does depends very little on or and 0, 
but only on n‘. As expected. the ASN appears to be the largest when ,LL! = 0.560. 
Cd) The test also seems satisfactory when 0, = (T,. 
Next, the properties of the test given by Ghosh can be recapitulated from the simulation 
results. The disturbing aspect of the test is that both of the risk levels tend to be consistently 
greater than the nominally fixed levels. Table 2 indicates that the empirical level of a often 
Table 2. Empirically determined ASN” and power (in 9~) of the two SPRT for given (T,. G,. 1~~ = 0 and 
,lr, = !YrSa 
rS = 0.7 ii = I.0 
Proposed Ghosh Proposed Ghosh 
ASN Power ASN Power ASN Power ASN Power 
0.00 24.0 3.7 21.3 
0.25 35.7 15.3 30. I 
0.50 44.7 50.3 36.5 
0.75 39.6 Xl.6 33.2 
I .oo 27.8 95.9 23.1 
0.00 24.8 4.1 21.6 
0.25 34.8 15.0 29. I 
0.50 43.3 48.5 36.1 
0.75 38.3 83.0 32.1 
I .oo 27.0 95.8 22.5 
0.00 24.2 3.4 20.7 
0.25 35.8 15.3 29.4 
0.50 34.5 49.4 36.0 
0.75 38.2 81.9 30.2 
I .oo 27.9 94.8 22.7 
0.00 ‘3.9 3.8 21.8 
0.25 34.9 14.X 28.8 
0.50 44.3 48.3 36.2 
0.75 39.0 82.S 31 4 
I .oo 28.0 95.0 23.0 
0.00 25.2 3.9 21 7 
0.25 35.5 16.9 28 4 
0.50 44.6 48.9 36.3 
0.75 38.5 81.8 30.9 
1.00 28.3 96 -I 2’ 7 
4.9 14. I 
18.0 20.0 
49.2 24.6 
78.8 22.1 
93.1 16.4 
5 ..I 13.9 
18.8 19.5 
47 7 24.6 
80. I 21.8 
93.5 16.2 
5.3 13.8 
17.7 19.8 
46.4 23.7 
77 9 21.1 
91.9 16. I 
5.5 13.7 
17.3 19.8 
47.0 24 0 
77.5 Il.6 
91.7 16.2 
5,7 13.9 
18.4 19.5 
47.9 24.0 
76.0 21.5 
92.1 16.4 
2.8 12.7 3.7 
14.2 17.0 16.0 
46.6 21.2 45.6 
82.9 18.9 79.1 
96.7 14.0 94.3 
3.1 12.8 3.7 
15.9 16.8 17.2 
49.9 20.9 47.4 
84.3 18.6 80.8 
96.9 14.2 94.8 
3.1 12.5 4.2 
16.7 16.7 16.0 
49. I 20.0 45.1 
83.4 18.0 78.3 
95.7 14.0 93.0 
3.0 12.6 4.1 
15.1 17.0 15.4 
50.5 20.9 47.2 
83.6 18.4 79.1 
96. I 13.8 92.8 
3.4 12.5 4.5 
16.7 16.9 16.0 
49.9 20.2 46.7 
83.8 18.3 77.4 
96.8 14.1 92.5 
-The standard error of the ASN for each test ranged from about 0.17 to 0.80 
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exceed the significance level when b = 0.7 and that of p is often as large as 0.8 when the two 
levels are fixed at 0.05. It is noted that the ASN of Ghosh’s test is about 10 to 20 percent less 
compared to the proposed test. However, this comparison is misleading because the proposed 
test is shown to be consistently more powerful than Ghosh’s test apart from the above point 
regarding the inflated risk level of the latter. The comparison may be also less meaningful in 
view of the different forms of the hypotheses for the two tests. 
7. DISCUSSION AND CONCLUSION 
A partial sequential test for the Behrens-Fisher problem is proposed in this paper. The 
primary purpose of considering any sequential test against a fixed sample test in practical 
applications is to reduce the average sample size. Therefore, at least for practical applications, 
a sequential test may not be recommended unless its ASN is substantially smaller than the 
sample size required by an appropriate fixed-sample test with the same strength. The approximate 
sample size required by the usual fixed-sample test based on (3) can be calculated assuming 
the asymptotic normality of the statistic. It can be calculated that for a = /3 = 0.05 the test 
requires about 44 observations per group when 6 = 0.7 and approximately 22 per group when 
6 = 1 .O regardless of o., and cry. (When gr = a,. the exact sample sizes are given by Davies[S], 
for example, as 45 and 23, respectively for 6 = 0.7 and 6 = 1.0.) The simulation study 
indicates that applications of the proposed test can result in the saving of about 32 percent in 
the sample size when 6 = 1.0 and about 40% when 6 -= 0.7 compared to the fixed sample 
size test when either H,, or H, is true. 
We restricted our investigation of the test to the case when the sampling scheme consisted 
of taking one X and one Y in each stage although the method may be applicable to other forms 
of sampling situations. Further work is required in this regard. We considered only two simple 
forms of approximating the distribution of 1, under Ho and H, though there exist more accurate 
approximations. However, the approximations used here not only yield a convenient and practical 
test but also appear to provide a very satisfactory one. An appealing feature of the test is that 
it can be used easily without any special table. 
The approximate SPRT for a similar two-sample problem given by Ghosh was also studied 
by the simulation. The results indicated that the true risk levels of the test are very likely to be 
somewhat larger than nominally set levels. 
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